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Electrostatic Probe Measurements in Solid-
Propellant Rocket Exhausts

GEORGE MAISE* AND ALBERTO J. SABADELL |
AeroChem Research Laboratories, Inc., a subsidiary of Sybron Corporation, Princeton, N.J.

A stagnation point electrostatic probe that can be used to measure local electrical character-
istics of solid-propellant rocket exhausts has been developed. The probe is a flat-faced in-
sulated cylinder with the collector surface at the tip, and is water-cooled. The probe was
tested in a laboratory flame and in small-scale rocket motor exhausts at the Naval Research
Laboratory, and performed well both thermally and electrically. The analytical procedure
for interpreting probe measurements was based on Lam’s generalized continuum theory.
The theory was verified in laboratory flames of known ionization levels. Positive ion and elec-
tron densities were measured in small-scale aluminized composite solid-propellant rocket
motor exhausts at NRL. Tests in full-scale, sea-level rocket motor exhausts were performed,
and positive ion densities in general agreement with theoretical predictions were obtained.
It is concluded that local values of charged species concentrations in solid-propellant rocket
motor exhausts can be obtained with a stagnation point electrostatic probe.

Nomenclature

diffusion coefficient

electron charge

velocity function

charged species concentration gradient defined by
Eq. (18)

charged species concentration gradient defined by
Eq. (18)

current density

plume nutation travel distance

probe radius

charged species number density

normalized number density, n/7..

potential

electric Reynolds number, eU,L/D;

Reynolds number

Lees-Dorodnitsyn coordinate defined by Eq. (10)

temperature

velocity directed along « axis

velocity in the undisturbed plasma

velocity directed along y axis

distance parallel to probe surface, Fig. 3

distance normal to probe surface, Fig. 3

thickness of electrostatic sheath

charged species concentration gradient, Table 2

Di/EDe

velocity gradient at the edge of boundary layer,
Ou./dx

= boundary-layer thickness
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nondimensionalized coordinate defined by yRY?/L
Lees-Dorodnitsyn coordinate defined by Eq. (11)
distance to edge of sheath

mean free path

viscosity

density
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Subscripts

electrons, also edge of boundary layer
probe surface

ions

neutral particle

freestream

positive ions

negative ions

l+8§s.wm
[ I O 1

Introduction

HE work discussed in this paper was motivated by the

need to measure local electron densities in rocket exhaust
plumes. Free electrons in the exhaust can attenuate and
scatter radar signals. To compute the extent of this inter-
ference, one must know the distribution of electrons along
the path of the radar beam. Theoretical models have been
developed®:? to predict the detailed distribution of electrons
in a plume; however, these models have not been verified
by direct local measurements. The electrostatic probe is a
suitable instrument for measuring local electron and ion
densities. The goal of our work was to develop an electro-
static probe system that can be used in rocket test facilities
to measure the electrical characteristics of exhaust plumes.
This included the development of probe hardware and an
analytical procedure to interpret the probe readings (current
vs voltage) in terms of electron and ion densities.

Although electrostatic probes have been used for many
years to measure the electrical characteristics of plasmas,
their use in rocket exhausts has been very limited. A previ-
ous research program?® reported some success on the use of
electrostatic probes in liquid-propellant exhausts.

The use of probes in rocket exhausts, particularly solid-
propellant exhausts, presents difficulties. The probe is ex-
posed to high temperature, high heat flux, corrosive gases,
and erosion by high-speed solid particles (e.g., from alumi-
nized propellants). To maintain the probe at a sufficiently
low temperature to prevent electron emission from the sur-
face, internal cooling has to be provided. Theoretically,
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Fig. 1 AeroChem probe ALS5.

there are also a number of complications to be overcome.
The original no-flow, free-molecular probe theory of Lang-
muir® has been extended by several investigators to take into
account collisions in the plasma (e.g., Refs. 5 and 6) and also
high-speed flow effects (e.g., Refs. 7 and 8). A rigorous
analysis of the heat-transfer effects on a cooled electrode has
only recently become available.® In addition to the inherent
difficulties in the above probe theories, the theoretical inter-
pretation of the probe data in rocket motor exhausts is fur-
ther complicated by the presence of negatively charged ions
and the possibility of shock-induced ionization. All these
problems were considered during this program and are dis-
cussed in this paper.

Probe Development

Several points must be considered in the design of an
electrostatic probe for rocket exhausts. The probe should
be as small as possible to minimize distortions of the flowfield
“and allow for fine spatial resolution. At the same time, it
has to be cooled to prevent electron emission and keep the
probe tip from melting. The latter requirement indicates
that a large probe is desirable. To simplify the theoretical
interpretation of the probe readings, the probe should collect
ions and electrons only from a small local region of plasma
where the fluid mechanical conditions are well defined. The
rest of the probe structure must be well insulated from the
plasma to prevent spurious leakage currents. A flat-faced
cylindrical probe, with the electrode located at the stagna-
tion point was selected for this work. As a compromise, a
probe diameter of 0.33 in. was chosen, with the electrode
diameter equal to 0.4 times the probe diameter.

Figure 1 shows the design of this probe (AeroChem AL5Y)
and the details of the tip construction. The probe consists
basically of an internally cooled copper tube closed at one
end. The complete probe structure (tube and mounting
block) is at the electrode potential; however, everything
except a small area (collector surface) at the closed end of the
tube is insulated from the plasma. The front part of the
tube is insulated by three pieces of ceramiec insulation (alu-
mina). The remaining probe structure is coated by a layer of
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Fig. 2 Probe circuit for rocket motor tests.

I Patent pending.

polyvinyl chloride, which is protected thermally from the
rocket exhaust by a water-cooled conical shield (stainless
steel). The grounded conical shield serves also as the
second electrode to complete the electrical circuit.

The probe tube (Fig. 1) is closed by a metallic insert which
is silver-brazed to the tube. Thus, the high-pressure coolant
is contained entirely within a metal structure. The exposed
surface of the insert serves as the collecting electrode. An
inner tube provides a double passage for the coolant, which,
at high pressure, reaches the probe tip through the outer
channel. As the coolant passes through the narrow gap
between the insert and the inner tube, a strong cooling effect
is obtained and the coolant then returns through the inner
passage. The metal tube and part of the insert are covered
by a ceramic cap. An effective bond between the metal and
the ceramic is obtained by first metallizing the inner surface
of the ceramic cap and then soft-soldering it to the tube.
The two ceramic sleeves behind the cap are mounted in the
same way.

The aft ends of the concentric copper tubes are mounted
to a brass block to which the inlet and outlet connectors for
the coolant are attached. In order to insulate the probe
structure effectively from the ground, the coolant is supplied
through several feet of high-pressure plastic tubing. Also
attached to the block is an electrical lead which supplies the
voltage to the probe. The block itself is mounted to a bake-
lite piece, which, in turn, is attached to the back plate of the
cone in such a way that the probe is centered inside the
conical shield.

In addition to the electrostatic probe, there are a number
of auxiliary items to complete the probe system. The probe
is internally cooled by a system that supplies water to the
probe at a flow rate of approximately 0.1 Ib/sec, at an inlet
pressure of 600 psig. To prevent electrical leakage, the
water must be either distilled or deionized. The cooling
system for the cone differs from that for the probe both in the
required quality of the water and in the flow rate. The
conical shield can be cooled with tap water. The coolant
flow rate is approximately 1.0 1b/sec at 100 psig.

The electrical circuitry to obtain electrostatic probe mea-
surements in rocket motor exhausts is shown in Fig. 2. A
triaxial cable connects the probe to the input of a Keithley
Electrometer Model 601, which serves as an off-ground
current-measuring device. The output of the electrometer
(probe current) is recorded on a high-impedance floating re-
corder. The grounded conical shield of the probe serves as
the second electrode. A variable d.c. voltage supply is con-
nected to the probe. The voltage can be varied manually
or swept automatically in 0.5 sec; sweeping can be performed
continuously for as'many cyeles as desired.

The over-all operation of the electrostatic probe system is
controlled by a multiple circuit time programmer (Multiflex
Reset Timer Type HM, Eagle Signal). This is a multiple
contact timer provided with a scale for rapid independent
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adjustment (Vernier type) of each contact. The time pro-
grammer starts operation upon ignition of the rocket motor
and the contacts are closed and opened in a preselected se-
quence. In a typical sequence, the probe first is inserted
into the rocket exhaust; an instant later, the preselected
voltage sweep is started, and upon completion of the sweep,
the probe is retracted from the exhaust.

Theoretical Treatment

The theoretical analysis was directed toward the develop-
ment of an analytical procedure, to interpret the measured
current-voltage characteristic in terms of local electron and
ion densities. The approach was to rely as much as possible
on existing probe theories and extend them only as required
to meet the special conditions of a rocket exhaust. Since
we were attempting to measure electron densities under
somewhat unusual conditions, complications existed that
were neglected in the existing probe theories.

Selection of Probe Theory

A survey of the existing probe theories indicated that
Lam’s theory® might be applicable for the determination of
electrical characteristics of rocket exhausts. Lam’s theory
deals with flowing continuum plasma and requires X < ya <
8 « L. These length scales for a typical sea-level rocket
exhaust (Ref. 2, Table 3) and for a probe radius of 0.42 cm
are shown in Table 1. (The probe and the various dimen-
sions are also shown schematically in Fig. 3.) Table 1 shows
that the required conditions are satisfied and Lam’s theory
is applicable. The first condition (A <« y.:) need not be
satisfied if only saturation conditions are considered. The
second condition (ya <« 8) can present a limitation at low
ionization levels. Since y. is proportional to n,~V3P%3 at
low values of n, and/or high P the sheath can extend beyond
the boundary layer and saturation will not oceur. The third
condition (§ « L) requires that the flow velocity be suffi-
ciently high to keep the boundary layer thin. The possible
error introduced by failure to meet this requirement is on the
order of Re~%2. The theory has some additional limita~
tions, which are discussed below.

Adaptation of Theory for Stagnation-Point Probe

We have applied Lam’s theory in developing a procedure
for interpreting the current-voltage characteristics for a
flat-faced cylindrical probe with an electrode at the stagna-
tion point. The analysis is presented in detail in the Ap-
pendix. It is valid for incompressible flow, i.e., the ion and
electron temperatures are taken to be constants, although not
equal. Correction for compressibility effects is discussed
later in this section.

For our probe geometry the resulting expressions for the
positive ion and electron densities are:

I ¥ = eyl [2Rec(B/LUL) VD1 + (T./T)]

J B = eneal [2Reo(B/LUL) VD1 4 (T./T.)] W
The parameter [ is plotted in Fig. 4.
Table 1 Representative flow parameters
N Ysu (10v), 3, L:
107% em 103 em 1072 em cm

Typical® sea-level

rocket exhaust 0.6 0.7 8 0.42
Laboratory flame

ne = ng = 1010

em 3 2.9 35.3 76 0.42
ne = ng. = 101
cm 3 2.9 1.6 76 0.42

2 Computed from conditions given in Table 3 of Ref. 2 for typical com-
posite solid, propellant (9% Al) exhaust.
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CHARACTERISTIC LENGTHS: X, y,, 5 and L
Fig. 3 Flowfield at probe tip.

The positive ion temperature can be assumed to be the
same as that of the neutrals, because energy exchange be-
tween particles of nearly equal mass is efficient. The elec-
tron temperature is generally more uncertain. In the par-
ticular environments of present interest (atmospheric pressure
laboratory flame and rocket exhaust), however, the assump-
tion of electron temperature equilibration with neutral
molecules was demonstrated to be reasonable. This is dis-
cussed more fully in the following section.

Special Considerations in Rocket Exhausts

When an electrostatic probe is used in a rocket exhaust, it
is necessary to consider the following: 1) heat-transfer
effects, 2) the possibility of shock-induced ionization, and 3)
the presence of negatively charged ions.

To account for the heat-transfer effects (due to the cooled
electrode), we used a recent analysis by Burke,® which is an
extension of Lam’s basic theory.? Burke’s analysis assumes
the ions are at the gas temperature, but evaluates the elec-
tron temperature by solving the electron energy equation.
The solution of the resulting set of simultaneous differential
equations (two diffusion, Poisson and the electron energy
equations) is extremely difficult and costly in terms of com-
puter time; however, in the two limiting cases of either frozen
or equilibrium electron temperature, the problem is greatly
simplified. By using an analysis similar to that of Chung
and Mullen,® who studied electron temperature equilibra-
tion in a stagnation point boundary layer, we found that the
electron temperature is nearly in equilibrium with the neutral
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Fig. 4 Ambipolar concentration gradient at 3 = 0 for
stagnation point of a flat-faced cylinder.
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Fig. 5 Comparison of measured and calculated positive
ion saturation currents.

gas temperature. This is due to the presence of large
amounts of triatomic molecules (e.g., HyO, CO;) which can
exchange energy very effectively with electrons.! There-
fore we can consider the special case of Burke’s equilibrium
electron temperature compressible analysis. It was found
in Ref. 9, that nonisothermal effects could be accounted for
by a simple correction to the adiabatic analysis. The satura-
tion currents for the cooled probe and uncooled stagnation-
point probe were found to be in the simple ratio

a’li(o)coeled <Tm>0'5
= == 2
a'l(o)adiab Tw ( )

This expression holds for both positive and negative satura-
tion currents. The «’;(0)’s in the above equation are pro-
portional to the charged species concentration gradients.
The actual values of «’,(0) were obtained numerically by
Burke for various wall temperature ratios (Fig. 1 in Ref. 9).
For the case of electron temperature equilibrium, the values
of «1(0) are insensitive to the current levels and can be
tabulated as a function of the wall temperature ratio alone,
as shown in Table 2.

A chemical kinetic analysis was performed to determine
whether shock-layer ionization in supersonic portions of the
rocket exhaust has to be considered. Taking into account
the two major ion-production reactions,'? i.e.,

K+MaKr4e +M
K 4+ Cl=2K+ 4 Cl-

JB,sat,cooled

J B, sat,adiab

we found that the ionization half-times were of the same order
of magnitude as the residence time of the gas in the shock
layer. Thus, shock-layer ionization may affect the probe
measurements in the supersonic portions of the exhaust.
However, for typical sea-level rocket exhausts, subsonic
regions encompass a significant portion of the total plume.

The remaining theoretical consideration is the presence of
negative ions in the plasma. Invoking charge neutrality,
we take the sum of negative charges to be equal to the sum
of positive charges. In the continuum saturation limit, the
measured currents are proportional to the individual diffusion
coefficients of the collected particles. Because the plasma
is weakly ionized, the collection of electrons and negative
ions is additive. Furthermore, D.>> D_. Thus, the electron
density in a plasma containing negative ions is given by the
expression

Ne = ’/L+(D_/De) [(J—B,satD+/J+B,satD—) - 1] (3)

This method of calculation is limited to moderate ratios of
negative ions to free electrons. When this ratio exceeds
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10%, the electron flux constitutes only a small fraction of the
total negative current. Then the evaluation of n. from Eq.
(3) involves a small difference between two large quantities,
and reliable values of n. cannot be obtained. The indication
that n. <« n, by use of the electrostatic probe could itself be
a significant finding in estimation of radar interference
effects.

Verification of Probe Theory

When this study began, Lam’s theory had not been suffi-
ciently verified experimentally. Partial verification of the
theory in the limit of positive-ion saturation was reported by
Brundin and Talbot,” and by Gordon.'® Therefore, prior
to application of Lam’s theory in the rocket exhaust environ-
ment we decided to verify it in a laboratory flame where
known levels of ionization can be produced by seeding with
alkali metals. Although it is true that the laboratory flame
does not fully simulate conditions in a rocket motor, it can
duplicate many of the essential features of the theory.
Sample conditions that can be produced in our laboratory
flame are shown in Table 1. The ordering of length scales
in the flames is the same as in a typical rocket exhaust.§
Thus, the same general theory should be applicable in both
cases, and the laboratory flame can be used to test the
validity of the general theory. The burner and flame system
used are described in Ref. 14.

The results of our laboratory verification are presented in
Fig. 5. For different levels of ionization in the flame (com-
puted assuming thermochemical equilibrium to exist¥),
Fig. 5 shows the measured saturation currents. Also shown
are theoretically predicted saturation currents as a function
of ionization level. The good agreement between theory and
experiment provides additional verification of Lam’s theory
for positive ion collection. In these experiments it was not
possible to obtain true electron saturation because the rela-
tively large probe (eompared to burner diameter) was collect-
ing a large fraction of all the electrons present in the flame
and thus was disturbing the plasma.

Electrostatic Probe Tests in
Rocket Exhausts

Simulated Altitude Tests with Subscale Motors

A series of tests was conducted at the Naval Research
Laboratory in a test chamber in which small rockets could
be fired at subatmospheric pressure.’® For most of the tests,
the chamber pressure ranged from 80 to 200 torr (correspond-
ing to altitudes of 16 and 10 km, respectively). The rocket
motors had nozzle exit diameters of 0.3 to 0.5 in. and com-
bustion times were typically on the order of 10 sec. The
rocket motor grains were composite solid propellants con-
taining up to 24% aluminum. The probe positions in the
exhaust ranged from 10 to 31 in. from the nozzle exit plane
and 0 to 6 in. from the motor axis. At these locations, the
flow was subsonic and no shock formed in front of the probe.
In the test facility, the motor could be either fixed in place or
nutated** so that the probe would periodically be exposed
to different portions of the exhaust.

The exhausts of highly aluminized propellants contain
aluminum oxide particles, which adhere to the probe upon
impact. After a brief period, the stagnation point electrode
can be completely covered by a solid layer of aluminum oxide,

§ Note that for the low ionization levels in laboratory flames the
requirement ysn << § is not completely satisfied.

71t has been shown experimentally® that an equilibrium
calculation is valid under the conditions of these tests.

** Qketch in corner of Fig. 8 illustrates nutation in the present
context.
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Fig. 6 Current-voltage characteristic (NRL test 3).

making it impossible to obtain any additional electrical
measurements. To determine what occurs at different
positions of the probe in the exhaust, a set of tests was made,
with the probe position changed to expose the probe to pro-
gressively more severe conditions. As a result of these tests,
we found that measurements could be made in highly alumi-
nized exhausts, provided the probe was placed some distancett
off the axis of the motor (with the motor nutating, the off-
axis distance is taken normal to the plane of nutation). The
deposit of solid combustion products on the probe tip was
large on the motor axis, becoming progressively less severe
as the probe was moved toward the edge of the exhaust
plume.

The remaining, and most important, objective of the
NRL test program was to obtain electrostatic measurements
in the rocket motor exhausts. Since many tests served
simply to determine the mechanical integrity of the probe,
and because in others the probe was deliberately placed in
regions of the exhaust where coating was severe, interpretable
data were obtained for only a limited number of runs. The
current and voltage traces for two of these runs are shown in
Figs. 6 and 7. TFigure 6 shows that saturation was obtained
at both positive and negative voltages. The slight decrease
in the probe current after about +15 v is probably due to
gradual buildup of solid combustion products on the probe
tip. This trace was interpreted in terms of charged-species
densities, using the theoretical analysis presented earlier
in this paper.tf In order to apply Eq. (1) it would be ex-
tremely useful to measure local values of temperature and
velocity; however, without direct experimental information,
we used the results of theoretical analyses. Furthermore,
within the scope of the present study and for these prelimi-
nary tests, the accuracy of the temperature and velocity dis-
tributions was not critical. Consequently, these quantities
were estimated via the velocity and temperature profiles
given by Abramovich® and the measured jet spreading rates
determined by Love.'®§§ The resulting charged species

Table 2 o’i(0) as a function of wall temperature ratio

Tw/Te a’+(0)
1 (adiab.) 0.41
0.5 0.38
0.2 0.35
0.1 0.33

11 This off-axis position depends not only on propellant com-
position, but also on distance from the nozzle exit plane and on
the nozzle exit diameter.

11 The manner in which the diffusion coeflicients were evalu-
ated numerically is outlined in detail in Ref. 17.

§§ For the purpose of this study we could not utilize the more
sophisticated techniques for analyzing afterburning solid pro-
pellant rocket exhausts. .21
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densities weren, = 1 X 10¥ em 2 and n, = 1 X 10%° ¢m 291
In Fig. 7, it is also apparent that current saturation was ob-
tained. (The periodic oscillations in the probe current are
due to the nutation of the rocket motor.) The one high
current peak that is observed at a probe voltage of 4160
v probably is due to the growth of the sheath beyond the
diffusion layer, in which regime saturation no longer exists.
This behavior is frequently observed for all continuum
probes at sufficiently high voltage. The data presented in
Fig. 7 have been interpreted in terms of maximum charged
species densities with the following results: n, = & X 1018
em™3 and n, = 1 X 10! em™3.

A few tests were made with the motor nutating and the
probe potential fixed at a voltage where saturation was ex-
pected. As the motor nutates, the probe is exposed to the
rocket exhaust at various positions in the plume. The
measured transient saturation currents can be interpreted
in terms of a distribution of ion density across the plume.
We analyzed the data for the plume traverse for one of these
tests. The probe was located 0.9 in. from the plane of nuta-
tion and positive ions were collected with a probe potential
at}—60 v. The measured current for one of the traverses is
shown in Fig. 8, plotted as a function of probe position in the
exhaust (as illustrated in the sketch above the curves). The
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Fig. 8 Probe current and positive ion density across the
plume (test 410).

99 Note that the ratio of concentrations for negative ions and
free electrons was 10%; consequently the accuracy of n. is open to
question [see Eq. (3)]. This difference is most probably due to
attachment of electrons to form Cl—.
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peak current at the middle of the traverse was interpreted in
terms of a positive ion density of 1.3 X 10 em™% The dis-
tribution of n, at other positions in the plume can be esti-
mated by use of the proportionality relationship derived
from Eq. (1),

Ny « J+B’5atU—o,5T—-1,15 (4)

The distribution of velocity and temperature across the
exhaust plume at the probe position (18 in. from the exit
plane) was estimated as described earlier. By using these
estimated profiles and probe current distribution in Fig. 8,
we obtained the positive ion density distribution across the
plume; this also is plotted in Fig. 8. The ion density profile
shows a sharp maximum at the axis of the plume.

Sea-Level Tests with Full-Scale Motors

A test program to measure local plasma properties at sea
level for a 169 aluminum solid composite rocket propellant
exhaust was conducted at Thiokol-Huntsville. The rocket
motor used had a nozzle exit diameter of 3.75 in. The probe
positions in the exhaust ranged from 20 to 120 in. from the
nozzle exit and 1 to 4.2 in. from the motor axis. A typieal
sequence of events during these tests was the following:
1) the motor was ignited with the probe out of the plume,
2) after about 0.1 sec the probe was inserted into the plume,
3) with the radar cart (on which the probe was mounted) in a
fixed position, the probe voltage was varied over a range of
+45 v in 1 see, and 4) with the probe kept at a fixed potential,
the radar cart traversed the plume (total firing time was about
2.5 sec).

The experimental current-voltage traces were interpreted in
terms of positive ion densities (for this solid propellant, the
dominant positive ion is K+). The results obtained with
the probe at 4.2 in. from the plume axis are shown in Fig. 9.
The single point labeled ‘‘sweep” was obtained from the
positive ion saturation current, i.e., the probe was held fixed
during this run, while a complete current-voltage sweep was
obtained. The curve labeled “measured” was obtained
from the local positive ion currents, while the probe was
traversed along the length of the plume (attached to the
radar cart). Also shown is the predicted K* concentration
curve calculated via the techniques described in Ref. 20.*

Conclusions

It is concluded that electrostatic probe measurements of
charged species concentrations in the severe thermal, abrasive

* Ref. 20 shows that the predicted and measured radar
attenuation (which is dependent upon the electron concentra-
tion) are in good agreement for this system. Thus, the pre-
dicted K+ concentrations are reasonably accurate.
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and corrosive rocket exhaust environment can be obtained
with properly designed electrostatic probes. While pre-
liminary, these results demonstrated the potential value of
the electrostatic probe as a diagnostic tool in measuring the
microstructure of exhaust plumes.

Appendix: Theoretical Analysis

In order to make use of Lam’s theory it is necessary to re-
duce the generalized theory to a suitable form for inter-
preting data for the specific probe we have developed. This
meant developing a procedure for interpreting the current-
voltage characteristics for a flat-faced cylindrical probe with
an electrode at the stagnation point. The analysis that
follows relates to Lam’s theory in its original form.

From Lam’s generalized continuum theory, the expressions
for the positive ion and electron saturation currents are given
as

I Tt = enio(IRVY/L)Ds[1 + (T./T5)) (A1)
and

J 7Bt = ene(IRV*/L)D.[1 + (Ts/T0)] (A2)

The parameter I, appearing in the above equations, is the
charged-species concentration gradient at the edge of the
sheath. It is computed from the ambipolar convection-
diffusion equation as shown below. In Ref. &8, this equation
is written in nondimensional form as (velocities are normal-

ized by U, x by L)
u(QN/dx) + vRY*(ON/0n) = [(1 + /(1 + B)] X
(@*N/on?) (A3)
with the boundary conditions
p7— o N =1

(A4)

p7—>9¥x) >0 N =290
where 7* designates the outer edge of the sheath. Since
the scale of the sheath is assumed to be much smaller than
the scale of the ambipolar diffusion layer, a very small error

is introduced by assuming n* ~ 0.
Writing Eq. (A3) in dimensional form (except for N), we have

u(ON/dx) + v(ON/dy) = (1 + ¢)/(1 + B) X
[(L/R)U1(0*N/dy*) (A5)

and

N=1

N=0

In order to obtain solutions to Eq. (A5), we must first reduce

it to an ordinary differential equation. We used the Lees-

Dorodnitsyn transformation?? to accomplish this for our

probe geometry [i.e., stagnation point flow around a flat~

faced cylinder (Fig. 3)]. For our particular case, the frans~
formation equations simplify to

5 = puB(z'/4) (A6)

Yy —> ©

y—~0

and

7 = (208/m)"%y (A7)

Application of this transformation to Eq. (A3), along with
the assumption that (dN/ds). = 0, leads to

(14 e/ + B(Re/RN" + IN" =0 (A8)

where primes designate differentiation with respect to 7 and
f is the velocity funection in the boundary layer, i.e.,

= (w/u) (A9)

For axisymmetric stagnation point flow, the variation of f
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is described by
F A= ()2 = 0 (810)
with the boundary conditions

=0 [=1=0
(A11)
i =1

This equation has been solved. by Hartree?® and we have
utilized his tabulated results in solving Eq. (AS).

Since we do not require the full solution of Eq. (AS8), but only
(ON/d%)s=0, the latter can be obtained by direct integration.
The resulting expression is

{fo‘” exp [_ foﬁ' (f)/(%é) dﬁ”]dﬁ’}ul (A12)

The integrals were evaluated numerically over the anticipated
range of the parameter

[ + eRel/[(1 + BR]

(i.e., from 0.5 to 10); the resulting curve is shown in Fig. 4.
The concentration gradient I as plotted in Fig. 4 is in terms of
the Lees-Dorodnitsyn coordinate 7. Since we require this
gradient in Eqs. (A1) and (A2) in terms of Lam’s coordinate
n = yRY?/L, we must again make use of the transformation
Eq. (A7). Thus,

ON/on = [2(Re/R)(BL/U.)]V*(dN /o7) (A13)
and
I = QN/dn), =0 = [2(Re/R)(BL/U) |V  (Al4)

Substituting the expression for I from Eq. (Al14) into the
equations for the positive ion and electron saturation cur-
rents, we obtain Eq. (1)
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